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Introduction
Ever since the discovery of quantum mechanics, the energy-time uncertainty relation, 6.E 6.t ~ h/2, has had a different basis than the positionmomentum uncertainty relation, 6.q6.p ~ h/2. In nonrelativistic quantum mechanics time t is a parameter, not an operator as is the coordinate q. Therefore the usual quantum mechanical average and uncertainty in the time cannot be calculated as in the case of the coordinate. For this reason, it has been suggested that the energy-time uncertainty relation simply be eliminated from quantum mechanics [1] . This radical suggestion overlooks the many different approaches to the physically useful energy-time uncertainty relation.
We briefly mention some of the derivations of the energy-time uncertainty relation, even though some are only heuristic [2, 1] . [17, 1] . (6) In scattering theory it is the time of arrival which is important, and attempts have been made to find an operator which describes this quantity [31] - [36] . (7) In the context of the density matrix p, Eberly and Singh [37] have shown that lJp/8t plays the role of an "inverse time operator" from which the energy-time uncertainty relation can be derived [38] . (8) The role of the uncertainty relations in relativistic quantum theory has been discussed by a number of authors [39] - [43] . (9) The interpretation of the energy-time uncertainty relation is a part of quantum measurement theory [44] - [51] , and is distinct from its derivation. The energy-time uncertainty relation for decaying states has been improved by Gislason, Sabelli, and Wood [52] .
In this paper we give a new derivation of the energy-time uncertainty relation, which is based on first principles, and does not resort to any heuristic or ad hoc arguments. Our derivation is firmly based on classical mechanics and its quantization, and puts the energy-time uncertainty relation on the same footing as the position-momentum uncertainty relation. In classical mechanics we make a canonical transformation from the old canonical variables (q,p) to new canonical variables (q',P'), where the new canonical momentum y is the energy E of the particle and the new canonical coordinate q' is a quantity T conjugate to the energy, which we call tempus. This tempus T has dimension of time, but is conceptually different from the time t in which the system evolves. Since T and E are canonically conjugate variables, and the Poisson bracket is a canonical invariant [53] , their Poisson bracket is unity. Upon quantization, the tempus operator t and the energy operator E satisfy the canonical commutation relation. Therefore, the energy and the tempus operators satisfy the usual energy-time uncertainty relation AE AT ~ l/2, as long as the expectation values of T and 1'2 exist. For a conservative system the expectation value of the tempus operator is equal to the time t plus an irrelevant constant. The distinction between the tempus operator t conjugate to the energy operator and the time t of evolution is thus made clear.
This approach is applied to two examples: (1) a free particle and (2) a particle acted on by a constant force. In both cases the tempus operator T is constructed explicitly by quantizing the corresponding classical tempw T conjugate to the energy. In the subspace of the Hilbert space in which 3 it exists, the average value < l' >= t plus a constant. The energy-time uncertainty relation is explicitly shown to be satisfied.
In Section 2, a canonical transformation is made in classical mechanics to energy and its canonical conjugate tempus. Using Poisson brackets, we quantize the system in Section 3 and derive the energy-time uncertainty relation. In Section 4, examples of a free particle and a particle acted on by a constant force are considered, and it is shown that the energy-time uncertainty relation is explicitly satisfied. Finally, the conclusion is given in Section 5.
Energy and Tempus as Canonical Variables
In the Hamiltonian formulation of classical mechanics, the canonical coordinate q and the canonical momentum p conjugate to it satisfy Hamilton's equations
where H =H(q,p,t) is the Hamiltonian for a system of one degree offreedom, and the overdot denotes the total time derivative. Using a generating function S, we can make a canonical transformation to a new set of canonical variables (q',y), which also satisfy Hamilton's equations [54] Ii
where the new Hamiltonian is H' = H + fJS/8t.
If the new canonical momentum p' is chosen to be the energy E, the new canonical coordinate q' conjugate to it is called tempus and denoted as T. This tempus canonical coordinate conjugate to the energy is conceptually different from the time t in which the system evolves, and is a function of q, E and t [55] with the dimension of time.
The generating function of the second type Seq, E, t) which implements this canonical transformation satisfies [53] - [55] 
and the new canonical coordinate tempus is
By integrating Eq. (4), we obtain 
The energy E may not be equal to the Hamiltonian H, so their difference is defined as
When Eqs. (7) and (8) are used in Hamilton's equations (3) for the new canonical variables (T, E), we obtain [55] 
and
In Eqs. (9) and (10) it is necessary to express ~ + (BS/8t)"B as a function of E, T and t before differentiation. Hamilton's equations (9) and (10) can be solved for T(t) and E(t). The solution to the original problem is q =
q(E(t), T(t), t) == q(t).
For a conservative system, there is no explicit time dependence in SJ .0 IJS/ IJt = O. In this case, the Hamiltonian H can be chosen to be the energy E, so ~ = H -E =O. Therefore, Eqs. (9) and (10) reduce to T= I, E =O. (11) The solution to Eq. (11) is T = t -to and E = Eo, where to and Eo are constants. In this case tempu.t is equal to the time t minus a constant. The solution to the original problem is therefore q =q(E, T) = q( Eo, t -to).
Quantization
In order to quantize a system, it is necessary to replace the Poisson bracket of two functions of the canonical variables by = A(q,p,t) and B =B(q,p, t) is defined as {A B} = BABB _ BBBA (12) , qoP
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The Poisson bracket is a canonical invariant [53) , 80 {A,B}qoP ={A,B}q'oP' '
where the new canonical variables (q',") are related to the old canonical variables (q,p) by a canonical transformation. If A = q and B = p, we have
from Eqs. (12) and (13) .
When the system is quantized, the operators q and p (t and E) corresponding to q and p (T and E) satisfy the commutation relations
from Eq. (14) .
In general, the uncertainty relation for the operators A and il in the state t/J is [56) .6A.6B 2: ~I < C > I, (17) where iC =[A, il] and < C >=:< t/JICt/J >. The square of the uncertainty in A is defined as 
for a system with a time-independent Hamiltonian il = H(q,p).
The time-dependent wave function ""(q, t) can be written &8
""(q. t) =U(t)""(q, 0),
where ,p(q. 0) is the wave function at time zero. The time evolution operator is
where iI is the time-independent Hamiltonian operator.
From the commutation relation in Eq. (16) and E = il we can show that the expectation value of the tempu.s operator l' is
where < ""(0)11'''''(0) > is a constant depending on the initial Wave function.
Therefore, Eq. (23) shows that the expectation value of the tempus operator is directly related to the time t of evolution of the system.
Examples
In this section, we explicitly construct the tempus operators for (l) a free particle and (2) a particle acted on by a constant force, and show that the energy-time uncertainty relation is satisfied.
Free particle
The tempw operator l' for a free particle is constructed from the corresponding classical expression, and the energy-time uncertainty relation is obtained.
For a free particle of mass m, the energy E in terms of the canonical momentum p is 7 E =p 2 /2m. (24) Equation (24) can be solved for the canonical momentump =(2mE)l/2sgn (po),
where the sign of the initial momentum. Po is sgn (Po). The generating function in Eq. (6) is
where we take the arbitrary function S(qo, E, t) = O. The new canonical coordinate tempw is obtained from Eq. (5) and is
In this way we have derived the canonical coordinate tempus conjugate to the energy, which is conceptually distinct from the time t in which the system evolves.
The solution to the classical problem is obtained by solving Eq. (26) for q and using the solutions of Eq. (11) . We therefore obtain
where the initial velocity 110 = Palm =(2E o /m)l/2 sgn(Po) and T = t -to.
In order to construct a self-adjoint tempus operator, Eq. (26) can be expressed in terms of p by substituting the energy in Eq. (24) into it. Then we obtain the canonical tempus coordinate for qo =0 to be T =mqlp.
(28) Equation (28) may be quantized to obtain the tempw operator l' by replacing q and p by their corresponding operators q and p, and writing the operator in a symmetric way [141- [16] 
The domain of t is not the whole Hilbert space because of the presence of the operator p-1. Nevertheless, for the states in its domain, the operator t has useful properties. Since the tempu", operator in Eq. (29) involves ,-1, it is more convenient to work in momentum space where the realization of the commutation rela-tion in Eq. (15) is P = p and q = i1ilJlop. We choose a wave function in momentum space at time t =°to be
where Go is a real positive constant. n i. an arbitrary integer ~ 2. and N is the normalization constant. Since the Schroedinger equation in momentum space is
the solution at time t :j:. °with the Hamiltonian H equal to the energy E in Eq. (24) is
where a = 40 +itl2m1i is a complex function of time. With the wave function in Eq. (32), the average of the tempU-' operator l' in Eq. (29) is
the time t in which the system evolve., as expected from Eq. (23).
The square of the uncertainty in the tempul operator T at time t is
The square of the uncertainty in the energy operator E at time t is
From Eqs. (34) and (35) the product of 6E and 6T is
80 the uncertainty relation is established.
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As n -+ 00, Eq. (36) shows that 6Eli.T = 1'1./2. i.e., equality holds in the uncertainty relation Eq. (36) . The reason equality holds is that in the limit as n -+ 00, there is no distinction between n +4, n +3" .. ,n -2. Then we have (i) as n -+ 00
where -y is a constant, and
which are the two conditions for equality to hold in the uncertainty relation [56] .
Particle acted on by a constant force
For a particle acted on by a constant force F o , the Hamiltonian H is
which is also the energy E. Equation (39) In order to obtain a Hermitian tempus operator T, it is necessary to express tempus in Eq. (42) tainty relation is therefore put on the same basis as the momentum-position uncertainty relation. The approach used here to derive the energy-time un· certainty relation has firm basis in classical mechanics, which makes a clear distinction between the time of evolution t and the canonical coordinate 11 tempus T conjugate to the energy. For a conservative classical system, tempus T is equal to the time t plus a constant. For a conservative quantum system, the average of the tempus operator t is equal to the time t plus a constant.
